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PHASE RETRIEVAL FOR CHARACTERISTIC FUNCTIONS OF CONVEX
BODIES AND RECONSTRUCTION FROM COVARIOGRAMS

GABRIELE BIANCHI, RICHARD J. GARDNER, AND MARKUS KIDERLEN

ABSTRACT. We propose strongly consistent algorithms for reconstructing the characteristic
function 1 of an unknown convex body K in R™ from possibly noisy measurements of the
modulus of its Fourier transform 1/1\< This represents a complete theoretical solution to the
Phase Retrieval Problem for characteristic functions of convex bodies. The approach is via
the closely related problem of reconstructing K from noisy measurements of its covariogram,
the function giving the volume of the intersection of K with its translates. In the many
known situations in which the covariogram determines a convex body, up to reflection in the
origin and when the position of the body is fixed, our algorithms use O(k?) noisy covariogram
measurements to construct a convex polytope Pj that approximates K or its reflection —K
in the origin. (By recent uniqueness results, this applies to all planar convex bodies, all three-
dimensional convex polytopes, and all symmetric and most (in the sense of Baire category)
arbitrary convex bodies in all dimensions.) Two methods are provided, and both are shown
to be strongly consistent, in the sense that, almost surely, the minimum of the Hausdorff
distance between Py and +K tends to zero as k tends to infinity.

1. INTRODUCTION

The Phase Retrieval Problem of Fourier analysis involves determining a function f on R”
from the modulus |f| of its Fourier transform f This problem arises naturally and frequently
in various areas of science, such as X-ray crystallography, electron microscopy, optics, as-
tronomy, and remote sensing, in which only the magnitude of the Fourier transform can be
measured and the phase is lost. (Sometimes, as when reconstructing an object from its far-

field diffraction pattern, it is the squared modulus |]?|2 that is directly measured.) Indeed,
as Rosenblatt [40] remarks, the Phase Retrieval Problem “arises in all experimental uses of
diffracted electromagnetic radiation for determining the intrinsic detailed structure of a dif-
fracting object.” It is no surprise, therefore, that the literature is vast; see the surveys [30],
[32], [34], and [40], as well as the articles [10] and [19] and the references given there.

Phase retrieval is fundamentally under-determined without additional constraints, which
usually take the form of an a priori assumption that f has a particular support or distribution
of values. An important example is when f = 1k, the characteristic function of a convex
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body K in R™. In this setting, phase retrieval is very closely related to a geometric problem
involving the covariogram of a convex body K in R™. This is the function gx defined by

gr(x) = Vo (KN (K +2)),

for x € R", where V,, denotes n-dimensional Lebesgue measure and K + z is the translate
of K by the vector z. It is also sometimes called the set covariance and is equal to the
autocorrelation of 1, that is,

gk = 1 * 1 g,

where * denotes convolution and —K is the reflection of K in the origin. Taking Fourier
transforms, we obtain the relation

0 T TS el i pl [ i

This connects the Phase Retrieval Problem, restricted to characteristic functions of convex
bodies, to the problem of determining a convex body from its covariogram. Both the definition
of covariogram and this connection extend to arbitrary measurable sets, but the reason for
restricting to convex bodies will become clear.

The covariogram was introduced by Matheron in his book [36] on random sets. He showed
that for a fixed u € S"7! the directional derivatives dgx (tu)/0t, for all t > 0, of the co-
variogram of a convex body K in R" yield the distribution of the lengths of all chords of K
parallel to u. This explains the utility of the covariogram in fields such as stereology, geomet-
ric tomography, pattern recognition, image analysis, and mathematical morphology, where
information about an unknown object is to be retrieved from chord length measurements; see,
for example, [15], [20], and [43]. The covariogram has also played an increasingly important
role in analytic convex geometry. For example, it was used by Rogers and Shephard in proving
their famous difference body inequality (see [44, Theorem 7.3.1]), by Gardner and Zhang [26]
in the theory of radial mean bodies, and by Tsolomitis [45] in his study of convolution bodies,
which via the work of Schmuckenschliager [42] and Werner [47] allows a covariogram-based
definition of the fundamental notion of affine surface area.

Here we effectively solve the following three problems. In each, K is a convex body in R™.
Problem 1 (Reconstruction from covariograms). Construct an approximation to K
from a finite number of noisy (i.e., taken with error) measurements of gy.

Problem 2 (Phase retrieval for characteristic functions of convex bodies: squared
modulus). Construct an approximation to K (or, equivalently, to 1x) from a finite number
of noisy measurements of |1y |2.

Problem 3 (Phase retrieval for characteristic functions of convex bodies: mod-
ulus). Construct an approximation to K from a finite number of noisy measurements of
1x]-

In order to discuss our results, we must first discuss the corresponding uniqueness problems.
In view of (1), these are equivalent, so we shall focus on the covariogram. It is easy to see
that gk is invariant under translations of K and reflection of K in the origin. Let K7 be
the class of convex bodies in R™ and let U™ be the class of convex bodies in R™ that are
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determined, up to translation and reflection in the origin, by their covariograms. Much work
has gone into understanding the class 4". In fact, Matheron [38] himself asked the following
question, known as the Covariogram Problem, to which he conjectured an affirmative answer
when n = 2.

Is a convexr body in R™ determined, among all convex bodies and up to translation and
reflection in the origin, by its covariogram? In other words, is U™ = K7

The focus on covariograms of convex bodies is natural. One reason is that Mallows and
Clark [35] constructed non-congruent convex polygons whose overall chord length distributions
(allowing the directions of the chords to vary as well) are equal, thereby answering a related
question of Blaschke. Thus the information provided by the covariogram cannot be weakened
too much. Moreover, there exist non-congruent non-convex polygons, even (see [22, p. 394])
horizontally- and vertically-convex polyominoes, with the same covariogram, indicating that
the convexity assumption also cannot be significantly weakened.

Let P™ be the class of n-dimensional convex polytopes in R™ and let KU be the class
of centrally symmetric convex bodies in R™. A short history of the Covariogram Problem
begins with Nagel [39] (see also [7]), who proved that P? C Y?. (Even this is by no means
easy.) Bianchi, Segala, and Vol¢i¢ [10] showed that planar C? convex bodies of positive Gauss
curvature belong to U2, Their approach utilizes the asymptotic behavior of Fourier transforms
of characteristic functions of convex bodies, the subject of many studies since the original work
of Haviland and Wintner [28]. Averkov and Bianchi [4] finally proved that 4* = K2, confirming
Matheron’s conjecture. Recently Bianchi [9] showed that P? C U3, by a long and intricate
argument. On the other hand, it is easy to see that K? C U™. (In the symmetric case,
convexity is not essential; see [22, Proposition 4.4] for this result, due to Cabo and Jensen.)
Goodey, Schneider, and Weil [27] proved that most (in the sense of Baire category) convex
bodies in R™ belong to U". Nevertheless, the Covariogram Problem in general has a negative
answer, as Bianchi [8] demonstrated by constructing examples showing that P" ¢ U" for
n > 4. Tt is still unknown whether U3 = k3.

Interest in the Covariogram Problem extends far beyond geometry. For example, Adler and
Pyke [1] ask whether the distribution of the difference X —Y of independent random variables
X and Y, uniformly distributed over a convex body K, determines K up to translations
and reflection in the origin. Up to a constant, the convolution 1x * 1_g = gk is just the
probability density of X — Y, so the question is equivalent to the Covariogram Problem. In
2], the Covariogram Problem also appears in deciding the equivalence of measures induced
by Brownian processes for different base sets.

None of the above uniqueness proofs provide a method for actually reconstructing a convex
body from its covariogram. We are aware of only two papers dealing with the reconstruction
problem: Schmitt [41] gives an explicit reconstruction procedure for a convex polygon when
no pair of its edges are parallel, an assumption removed in an algorithm due to Benassi and
D’Ercole [6]. In both these papers, all the exact values of the covariogram are supposed to be
available.

In contrast, our first set of algorithms take as input only a finite number of values of the
covariogram of an unknown convex body K,. Moreover, these measurements are corrupted by
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errors, modeled by Gaussian noise of mean zero and a fixed variance. It is assumed that K
is determined by its covariogram, has its centroid at the origin, and is contained in a known
bounded region of R”, which for convenience we take to be the unit cube C§ = [—-1/2,1/2]".
We provide two different methods for reconstructing, for each suitable £ € N, a convex
polytope Py that approximates K or its reflection — K. Each method involves two algorithms,
an initial algorithm that produces suitable outer unit normals to the facets of P, and a
common main algorithm that goes on to actually construct P.

In the first method, the covariogram of K| is measured, multiple times, at the origin and
at vectors (1/k)u;, i = 1,...,k, where the w;’s are mutually nonparallel unit vectors that
span R™. From these measurements, the initial Algorithm NoisyCovBlaschke constructs an
o-symmetric convex polytope () that approximates VK, the so-called Blaschke body of
Ky. (See Section 2 for definitions and notation.) The crucial property of VK| is that when
Ky is a convex polytope, each of its facets is parallel to some facet of VK,. It follows
that the outer unit normals to the facets of P, can be taken to be among those of Q.
Algorithm NoisyCovBlaschke utilizes the known fact that —0gg, (tu)/0t, evaluated at ¢ = 0,
equals the brightness function value by, (u), that is, the (n — 1)-dimensional volume of the
orthogonal projection of Kj in the direction uw. This connection allows most of the work to
be done by a very efficient algorithm designed earlier by Gardner and Milanfar (see [24])
that reconstructs a o-symmetric convex body from finitely many noisy measurements of its
brightness function.

The second method achieves the same goal with a quite different approach. This time the
covariogram of Kj is measured once at each point in a cubic array in 2C7 = [—1,1]" of side
length 1/k. From these measurements, the initial Algorithm NoisyCovDiff(¢) constructs an
o-symmetric convex polytope Q. that approximates DKy = Ko+ (—Kj), the difference body
of Ky. The set DK has precisely the same property as VK, that when K is a convex poly-
tope, each of its facets is parallel to some facet of VK. Furthermore, DKj is just the support
of gk,. The known property that g}(/on is concave (a consequence of the Brunn-Minkowski
inequality [21, Section 11]) can therefore be combined with techniques from multiple regres-
sion. Algorithm NoisyCovDiff(¢) employs a Gasser-Miiller type kernel estimator for gg,, with
suitable kernel function ¢, bandwidth, and threshold parameter.

The output @), of either initial algorithm forms part of the input to the main common Al-
gorithm NoisyCovLSQ. The covariogram of K| is now measured again, once at each point in a
cubic array in 2CJ = [—1, 1] of side length 1/k. Using these measurements, Algorithm Noisy-
CovLSQ finds a convex polytope Py, each of whose facets is parallel to some facet of (), whose
covariogram fits best the measurements in the least squares sense.

Much effort is spent in proving that these algorithms are strongly consistent. Whenever
Ky € U™, we show that, almost surely,

min{0 (Ko, Py),0(—Ko, Py)} — 0

as k — oo, where ¢ denotes Hausdorff distance. (If Ky ¢ U™, a rare situation in view of
the uniqueness results discussed above, the algorithms still construct a sequence (P;) whose
accumulation points exist and have the same covariogram as Kj.) From a theoretical point
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of view, this completely solves Problem 1. Naturally, the consistency proof leans heavily
on results and techniques from analytic convex geometry, including the Bourgain-Campi-
Lindenstrauss stability result for projection bodies, as well as a suitable version of the Strong
Law of Large Numbers.

With algorithms for Problem 1 in hand, we move to Problem 2, assuming that K is an un-
known convex body satisfying the same conditions as before. The basic idea is simple enough:
Use (1) and the measurements of |1, |2 at points in a suitable cubic array to approximate gz,
via its Fourier series, and feed the resulting values into the algorithms for Problem 1. How-
ever, two major technical obstacles arise. The new estimates of gk, are corrupted by noise
that now involves dependent random variables, and a new deterministic error appears as well.
A substitute for the Strong Law of Large Numbers must be proved, and the deterministic
error controlled using Fourier analysis and the fortunate fact that gg, is Lipschitz. In the
end the basic idea works, assuming that for suitable 1/2 < v < 1, measurements of |1y, |2
are taken at the points in (1/k7)Z" contained in the cubic window [—k'™7 k'™]", whose size
increases with k at a rate depending on the parameter v. The three resulting algorithms, Al-
gorithm NoisyMod?LSQ, Algorithm NoisyMod?Blaschke, and Algorithm NoisyMod?Diff(y),
are stated in detail and, with suitable restrictions on v, proved to be strongly consistent under
the same hypotheses as for Problem 1.

Our final three algorithms, Algorithm NoisyModLSQ, Algorithm NoisyModBlaschke, and
Algorithm NoisyModDiff(¢) cater for Problem 3. Again there is a basic simple idea, namely,
to take two independent measurements at each of the points in the same cubic array as in
the previous paragraph, multiply the two, and feed the resulting values into the algorithms
for Problem 2. No serious extra technical difficulties arise, and we are able to prove that
the three new algorithms are strongly consistent under the same hypotheses as for Problem 2.
This provides a complete theoretical solution to the Phase Retrieval Problem for characteristic
functions of convex bodies.

To summarize:

For Problem 1, use either Algorithm NoisyCovBlaschke or Algorithm NoisyCovDiff(¢) and
then Algorithm NoisyCovLSQ.

For Problem 2, use either Algorithm NoisyMod?Blaschke or Algorithm NoisyMod?Diff(y)
and then Algorithm NoisyMod?LSQ.

For Problem 3, use either Algorithm NoisyModBlaschke or Algorithm NoisyModDiff(¢) and
then Algorithm NoisyModLSQ.

In some of the algorithms, the cubic array of measurement points is a matter of convenience;
it should be possible to use a wide variety of different sets of measurement points, with
appropriate adjustments in the consistency proofs.

We remark that Corollary 5.7 provides a rate of convergence for Algorithm NoisyCovDiff(¢y)
and hence for the two related algorithms for phase retrieval, but we do not establish rates of
convergence for the other algorithms. It should be possible to apply the theory of empirical
processes to this end, as was done in [24] for the brightness function algorithm, but at present
there is an obstacle: No stability versions of the uniqueness results for the Covariogram
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Problem are available. In view of the difficulty of these uniqueness results, proving such
stability versions will presumably be very challenging.

The present paper deals solely with theory. However, working algorithms are anticipated
and implementation is already underway with some promising initial results. This and the
effect of the regularization technique, which preliminary investigations indicate allow the re-
striction on the parameter v to be considerably relaxed, will be the subject of a future study.
We believe our algorithms will find applications. For example, Baake and Grimm [5] explain
how the problem of finding the atomic structure of a quasicrystal from its X-ray diffraction
image involves recovering a subset of R" called a window from its covariogram, and note that
this window is in many cases a convex body.

The paper is organized as follows. Section 2 deals with definitions and notation, after which
Section 3 presents the main Algorithm NoisyCovLSQ for Problem 1 and its strong consistency,
established in Theorem 3.10. In Section 4, Algorithm NoisyCovBlaschke is stated with proof
of strong consistency in Theorem 4.5; the latter requires the assumption that the vectors
u;, © = 1,...,k, are part of an infinite sequence (u;) that is in a sense evenly spread out in
S™=1 but this restriction is a weak one. In Section 5, Algorithm NoisyCovDiff(¢) is set out
and proved to be strongly consistent in Theorem 5.6. Treatment of phase retrieval begins in
Section 6. Problem 2 is the focus of Section 7, where we present Algorithm NoisyMod2LSQ, Al-
gorithm NoisyMod?Blaschke, and Algorithm NoisyMod?Diff(), and prove strong consistency
theorems for them. The final Section 8 serves the same purpose for Algorithm NoisyModLSQ),
Algorithm NoisyModBlaschke, and Algorithm NoisyModDiff(y), which cater for Problem 3.

2. DEFINITIONS AND NOTATION

As usual, S"~! denotes the unit sphere, B" the unit ball, o the origin, and | - | the norm
in Euclidean n-space R™. We shall also write C} = [—1/2,1/2]" throughout. The standard
orthonormal basis for R™ will be denoted by {ey,...,e,}. A direction is a unit vector, that is,

an element of S"~1. If u is a direction, then u' is the (n — 1)-dimensional subspace orthogonal
to v and [, is the line through the origin parallel to u. If z,y € R", then z -y is the inner
product of z and y, and [z, y] is the line segment with endpoints z and y.

We denote by 0A, int A and diam A the boundary, interior, and diameter of a set A,
respectively. The notation for the usual (orthogonal) projection of A on a subspace S is A|S.
A set is o-symmetric if it is centrally symmetric, with center at the origin.

If X is a metric space and € > 0, a finite set {x1,...,z,,} is called an e-net in X if for every
point x in X, there is an i € {1, ..., m} such that x is within a distance ¢ of ;.

We write V}, for k-dimensional Lebesgue measure in R"”, where kK = 1,...,n, and where we
identify V}, with k-dimensional Hausdorff measure. If K is a k-dimensional convex subset of
R”, then V(K) is its volume Vi (K). Define x,, = V(B"). The notation dz will always mean
dVi(z) for the appropriate k = 1,...,n.

If F and F are sets in R", then

E+F={x+y:z€FE,yeF}
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denotes their Minkowski sum and
(2) FoF={zeR":F+xzCEFE}

their Minkowski difference.

Let K™ be the class of compact convex sets in R™. A conver body in R™ is a compact convex
set with nonempty interior. Let K7 be the class of convex bodies in R" and let £"(A) (or
K7 (A)) be the class of compact convex sets (or convex bodies, respectively) contained in the
subset A of R™. The notation K"(r, R) will be used for the class of convex bodies containing
rB™ and contained in RB™, where 0 < r < R. The treatise of Schneider [44] is an excellent
general reference for convex geometry.

If K € K", then
K'={zeR":z-y<lforalye K}
is the polar set of K. The function
hg(x) =max{z-y:y e K},
for x € R™, is the support function of K and
bic(u) = V(Klu'),
for u € S, its brightness function. Any K € K" is uniquely determined by its support

function. We can regard hy as a function on S"!, since hg(x) = |z|hg(z/|x]) for  # o. The
Hausdorff distance §(K, L) between two sets K, L € K™ can then be conveniently defined by

(K, L) = ([P = il

where || - || denotes the supremum norm on S™~*.
The surface area measure S(K,-) of a convex body K is defined for Borel subsets F of S"~!
by

(3) S(K7E>:Vn—1 (971<K=E)>7

where ¢~ }(K, E) is the set of points in K at which there is an outer unit normal vector in
E. Every surface area measure is balanced, that is,

(4) /S  udS(K,u) =o.

Let S(K) = S(K,S™'). Then S(K) is the surface area of K. The Blaschke body VK of a
convex body K is the unique o-symmetric convex body satisfying

1 1
The projection body of K € K™ is the o-symmetric set IIK € K™ defined by
(6) hox = bx.

Cauchy’s projection formula states that for any u € S"!,

1

) ) = bl = 5 [ Ju- ol dS(K,0),
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and Cauchy’s surface area formula is

1
®) S L
HTL—]. Sn—1
see [20, (A.45) and (A.49), p. 408]. By (5) and (7), we have
(9) bvi = bk,

and it can be shown (see [20, p. 116]) that VK is the unique o-symmetric convex body with
this property.

Let K be a convex body in R" and let v € S"~!. The (parallel) X-ray of K in the direction
u is the function X, K defined by

X, K (x) = / R

for x € ut, where 1x denotes the characteristic function of K. The difference body of K is
the o-symmetric convex body DK = K + (—K). Now define

(10) Ex(t,u) ={y € u" : X, K(y) >t}
and
(11) ak(t,u) = V(EK(t,u)),

for t > 0 and u € S""!. Note that if u € S"1, then Ex(0,u) = K|ut and ax(0,u) = b (u).
The function
grc(w) = V(K 0 (K + 1),
for z € R", is called the covariogram of K. Note that gx(o) = V(K), and that we have

gi(xz) =0 if and only if x ¢ int DK, so the support of gx is DK. Also, g}(/n is concave on its

support; see, for example, [26, Lemma 3.2].
Let x = tu, where t > 0 and u € S"!, and define g (t,u) = gx(tu). The simple relationship

(12) gi(t,u) = /too ak(s,u)ds

was noticed by Matheron [36, p. 86] in the form

(13) W ———

Let 1 and v be finite nonnegative Borel measures in S"~!. Define
(14) dp(p,v) = inf{e > 0: p(E) < v(E.) +¢, v(E) < u(E.) +¢, E Borel in S" '},
where
E.={ueS" ' :wek:|u-v|<e}
Then dp is a metric called the Prohorov metric. As S™1 is a Polish space, it is enough to
take the infimum in (14) over the class of closed sets. In addition, if x(S"™!) = v(S™!), then

(15) dp(p,v) = inf{e > 0: p(E) <v(E.) +¢, E Borel in S"™'};
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see [17]. Now define

(16) o) =swp{| [ Fatu=)| s 1flen <1},
Sn-
where for any real-valued function f on S™! we define
|/ (u) — f(v)]
If]lz = sup — and || fllsr = [fllee + If1z-
wto U=

It can be shown that dp is a metric, sometimes called the Dudley metric. By [17, Corollary
2], we have the relation

(17) dD(M? V) < 2dP(M’ V)7
for finite nonnegative Borel measures p and v in S™71.

We need a condition on a sequence (u;) in S™~! stronger than denseness in S"~!. To this
end, for u € S" ' and 0 <t < 2, let

Cy(u) ={ve s :|lu—v| <t}
be the open spherical cap with center u and radius t. We call (u;) evenly spread if for all
0 <t < 2, there is a constant ¢ = ¢(t) > 0 and an N = N(t) such that
(18) {u, .. up} N Cy(u)| > ck,
for all w € S~ ! and k > N. Often, we will apply this notion to the symmetrization
(U;k) — (Ul, —U1, Ug, —U, U3, —U3, . . )

of a sequence (u;).

We adopt a standard definition of the Fourier transform f of a function f on R”, namely

f@)=[ flye™vdy.
Rn

If f and g are real-valued functions on N, then, as usual, f = O(g) means that there is a
constant ¢ such that f(k) < cg(k) for sufficiently large k. The notation f ~ g will mean that

f=0(g) and g = O(f).
3. THE MAIN ALGORITHM FOR RECONSTRUCTION FROM COVARIOGRAMS

We shall assume throughout that the unknown convex body K is contained in the cube
Co = [-1/2,1/2]", with its centroid at the origin. This assumption can be justified on both
purely theoretical and purely practical grounds. If the measurements are exact, then from the
covariogram, a convex polytope can be constructed that contains a translate of Ky. On the
other hand, in practise, an unknown object whose covariogram is to be measured is contained
in some known bounded region. In either case, one may as well suppose that K is contained in

o', and since in the situations we consider, the covariogram determines Ky up to translation
and reflection in the origin, we can also fix the centroid at the origin.
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Algorithm NoisyCovLSQ

Input: Natural numbers n > 2 and k; noisy covariogram measurements
(19) M, = gro (i) + N,
of an unknown convex body K, C CJ whose centroid is at the origin, at the points x,
i=1,...,Iy = (2k + 1)™ in the cubic array 2C{' N (1/k)Z", where the Ny;’s are independent
normal N(0,0?) random variables; an o-symmetric convex polytope @ in R", stochastically

independent of the measurements M;;, that approximates either VK, or DK, in the sense
that, almost surely,

(20) lim §(Qk, VKy) =0, or lim §(Qx, DKy) = 0.
k—o0 k—o0

Task: Construct a convex polytope P, that approximates K, up to reflection in the origin.

Action:

1. Compute the outer normals {£u; : j =1,...,s} of Q.

2. For any vector a = (a,a;,a3,a;,... ,aj,a ) where a sa; 2 0,5=1,...,s, such that
> i) —aj)u; = o, let P(a) = P(af,ay,a3,0a,,...,a},a;) be the convex polytope with
centroid at the origin, outer facet normals in {£u; : j = 17 ..., s} and such that the face with
normal u; (or —u;) has (n — 1)-dimensional measure a; (or aj, respectively), j =1,...,s

Solve the following least squares problem:

Iy,
. 2
(21) min Z (Mzk — gP(a)nCy (ﬂﬁzk))
=1
over the variables af,ay, a3, a5, ...,al, a;, subject to the constraints
S
Z(Gj —a; )u; =o0
j=1
and
aj va; 20, 7=1,...,s
These constraints guarantee that the output will correspond to a convex polytope.
3. Let a set of optimal values be ai,a;,as,a;,...,a5,a;, and call the corresponding

polytope P(a). Then the output polytope Py is the translate of P(a) N C§ that has its
centroid at the origin. Note that in this case — P} also corresponds to a set of optimal values
obtained by switching aj and a;, j=1,...,s.

Lemma 3.1. Let 0 < r < R and let QQ € K"(r, R) be an o-symmetric convex polytope. Then
there are facets of QQ with outer unit normal vectors uq, ..., u, such that

(22) | det(uy, ..., u,)| > (T/R)"” /2,
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Proof. The polar body Q* of @ is contained in K"(1/R,1/r) and has its vertices in the
directions of the outer normals to the facets of (), so it suffices to prove that there are vertices
U1, ..., v, of @ such that with u; = v;/|v;|, (22) holds.

The proof will be by induction on n. Let n = 2. We may assume that QQ* has a vertex,
vy say, on the positive zy-axis. Since Q* € K?(1/R,1/r), there must be another vertex v, of
Q* with distance at least 1/R from the xs-axis, and by the symmetry of Q*, such that also
vg - ey > 0. If «v is the angle between v; and vy, we must then have 6 < o < /2, where 0 is

the angle between the vectors (0, 1/r) and (1/R, V(1/r?) — (1/R2)>. Then, if u; = v;/|v;| for

1 =1,2, we have

| det(uy, ug)| =sina > sinf = r/R,

which proves (22) for n = 2.
Suppose that (22) holds with n replaced by n — 1 and let Q* € K*(1/R,1/r). We may

assume that Q* has a vertex, vy say, on the positive x,-axis, so that v;/|v;| = e,. Since
Q*|ek € K"1(1/R,1/r) (where we are identifying e with R*~!), by the inductive hypothesis,
there are vertices ws, . .., w, of Q*|eX such that if z; = w;/|w;], i = 2,...,n, then
(23) |det(zy, ..., 2,)| > (r/R) P~ D0=2/2,
Let v; be a vertex of Q* such that v;ler = w;, i =2,...,n, and let u; = v;/|v;], i = 1,...,n. By
the symmetry of )*, we may also assume that v;-e, > 0 for i = 2,... n. Let a; be the angle
between v; and w;, for i = 2,...,n. Using the fact that Q*|e; € K" 1(1/R,1/r), we see that
each v;, i = 2,...,n has distance at least 1/R from the x,-axis. Therefore cosa; > sinf =r/R
for i = 2,...,n. Then, using (23) and noting that u; = e, and u; = u;|e; + (u; - e,)e, for
1=2,...,n, we obtain

|det(uy,...,u,)| = |det(ugler,... unlel)|

n
= |det(za,...,2,)] Hcosai
i=2

> (T/R)(n—l)(n—?)/?(r/R)n—l — (T/R)n(n_l)/2.
0

Lemma 3.2. Let K € K"(r, R), let 0 < & < k,_17"" /2, and let L be a convex body containing
the origin in R™ such that

(24) dp(S(K, ), S(L, ") < e.

Then there is a constant ay depending only on €, r, and R such that L. C a;B"™. If L is o-
symmetric, there is also a constant ag > 0 depending only on e, r, and R such that agB™ C L.

Proof. Note that for any u € S"!, the function f(v) = |u-v|/2, v € S"~! satisfies || f| gz = 1.
Then, using (6), (7), (16), (17), and (24), we obtain

| () = hap (u)] = (b (w) = bp(u)| < dp(S(K,-), S(L,-)) < 2dp(S(K-), S(L,-)) < 2,

for each u € S™1.
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Since K € K"(r,R), we have 1K € K" (k,_ 17" k1t R™7Y), so IIL € K"(kp_qr™ ™t —
2¢, ki, 1 R"1 + 2¢). Now exactly the same argument as in the proof of Lemma 4.2 of [25],
beginning with formula (16) in that paper, yields the existence of a; and ay. (The assumption
of o-symmetry made in [25] is only needed for the latter. Explicit values for ay and a; can be
given in terms of €, r, and R, but we do not need them here.) [l

Lemma 3.3. Let K be a convex body in R™. Then there is an ¢y > 0 such that for all
0 < e <eg, if Q is an o-symmetric convex polytope in R™ such that either

(25) dp(S(VK,:),S(Q,)) <e
(26) dP(S(DKa)v‘S(Qa)) <g,

then there is a constant ¢y > 0 depending only on K and a convez polytope J whose facets are
each parallel to some facet of ), such that

(27) dp(S(K,-),S(J,") < cre.

Proof. We choose €y > 0 so that Lemma 3.2 holds when ¢ is replaced by ¢y and K is replaced
by either VK or DK, as appropriate. Let 0 < ¢ < &y.

Let £uq, ..., +us be the outer unit normals to the facets of Q) and for : =s+1,...,2s, let
u; = —u;—s. Set I ={1,...,2s}.

Suppose that (25) holds. By (14), S(VK, E) < S(Q, E.) + ¢ for each Borel subset E of
ST B N User{us} = 0, we have S(Q, E.) = 0. This implies that S(VK, E) < ¢ and so
by (5),

(28) S(K,E) < 2.

If instead (26) holds, then (14) implies that S(DK, E) < S(Q, E.) + ¢ for each Borel subset
E of S"7!. Then, if E. N Ujer{u;} =0, we have S(DK, E) < e. By [44, (5.1.17), p. 275],
n—1 n — 1 . '
: J
7=1
where S(K,n —1— j;—K,7,-) denotes the mixed area measure of n — 1 — j copies of K and
j copies of —K. Since all these terms are nonnegative, we obtain S(K, F) < ¢ and so (28)

holds again.
For i € I, let

Vi={ueS" ' |u—w| < |u—uy| foreach j € I, j # i}

be the Voronoi cell in S"~! containing u;. Choose Borel sets W; such that relint V; ¢ W; C V;
for each ¢ and W; N W, = 0 for i # j, so that {W; : ¢ € I'} forms a partition of S"~1.
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Let a; = S(K,W;) and let w = . ; a;u;. Since S(K,-) is balanced (cf. (4)), we have

w:Zaiui = Zui/_dS(K,u)—/SnludS(K,u)
= Z/ i —u) dS(K,u).

el

For each w € S" ' and t > 0, let Cy(u) = {v € S" ' : Ju—v| < t}. Let W = Uier(W; \ Ce(wy)).
Then u; & W, for i € I, so (28) implies that S(K, W) < 2e. Using this, we obtain

lw| = Z/ i —u)dS(K,u) +Z/ u; —u) dS(K, u)
i€l lmCE ul el z\oe uz
< Z/ \ui—u]dS(K,u)+2/ 45 (K, u)
icl ¥ WinCe(us) W
(29) < eS(K,S" ) +4e = (S(K) + 4)e.

Since @ is o-symmetric, we can apply Lemma 3.2 (with K and L replaced by VK (or DK)
and @, respectively) and Lemma 3.1 to conclude that there exist outer unit normal vectors

Uips - -, U, to facets of @ such that |det(w;,,...,u;, )| > c2, where ¢y depends only on K. In
particular, u;,, ..., u;, forms a basis for R", so there exist real numbers 0;,,...,0b;, such that
—Ww = Z bijuij.
j=1
Replacing u;; by —u;,, if necessary, we may assume that b;;, > 0 for j = 1,...,n. By Cramer’s
rule, we obtain b;, < |w|/|det(u;,,. .., u;,)| < |w|/cy, for j =1,...,n. Define b; = 0 for each

i € I such that ¢ € {iy,...,4,}. Then, by (29),
(30) Zbi < njw|/ex < cze,
icl

where c3 depends only on K.
Let

= Zaiéui and p; = Zbiéuia

i€l iel
and let © = pp + p1. Then the support of p is not contained in a great sphere, and since
/ wdp(u) = Z(arl—bi)ui =w—w=o,
snt icl

p is balanced. By Minkowski’s existence theorem [20, Theorem A.3.2], there is a convex
polytope J such that S(J,-) = p. By its definition, each facet of J is parallel to a facet of Q.
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It remains to prove (27). Using (30), we obtain

dP<S(J7 ')7 S(K7 )) = dP(:uO + M, S(K7 )) < dP(:uO + :U/lnuo) + dP(/L(M S(K7 ))
= dp(p1,0) + dp(po, S(K, ")) < cse + dp(po, S(K,-)),

where 0 is the zero measure in S"~!. In view of 1(S"™!) = S(K,S"1) and (15), it is therefore
enough to find a constant ¢4, depending only on K, such that

(31) pHo(E) < S(K, Ec,e) + cag,
for any Borel set £ in S"7'. Let X = U{W; : u; € E} \ E.. We have
S(K,E.) > S(K,E.N((U{W,;:u; € E}))
(32) = > {S(K,Wi) :wi € B} = S(K, X) = po(E) = S(K, X).

If z € X, then for some ¢ with u; € E we have x € W;, and so | — u;| > € since = ¢ E..
Moreover, if j # i, then |u; — x| > |u; — x| > €. Hence Ujer{u;} N X, = 0, and by (28), we
have S(K, X) < 2¢. Now (32) implies that (31) holds with ¢, = 2. O

For a fixed finite set 21, ..., z, of points in R", define a pseudonorm | - |, by

q 1/2
@) 1o = (gzﬂz«i)?) ,

where f is any real-valued function on R". For a convex body K contained in Cf, vector
z, = (z1,...,24) of the points z;,...,2, in R", and vector X, = (Xj,...,X,) of random
variables Xy, ..., X, let

(34) U(K, 2z, X ZgK %)X

Lemma 3.4. Let k € N and let Ky C C§ be a conver body with its centroid at the origin.
Suppose that Py is an output from Algorithm NoisyCovLSQ as stated above. Let P(a) be any
convez polytope admissible for the minimization problem (21). Then

n 2
(35) |9Ko - gpkﬁk < 2\IJ(P/€7XIM ka) - 2\1}<P(a) N O()axfw ka) + |gKo - gP(a)ﬂCSL{Ik )

where for each k € N, || and V(K,x; ,Ny ) are defined by (33) and (34), respectively, with
q= Iy, x, = (T1k, - - -, pk), and Ny = (N, ..., Niio)-

Proof. If P(a) N Cy is a solution of (21), then since gp, = gp(a)ncy, We obtain

Z (Mix — gp,(zi))* < Z ik — 9P(a ng;(%k))Q,
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Substituting for My, from (19) and rearranging, we obtain

Ik Ik

Iy,
> o) = gp(z))” < 2 gr (i) Niw =2 gpayncg (@) Nix +
=1 =1

i=1
Iy, 2
+ > (9ra(@in) = gptaincy (xa))”
=1

In view of (33) and (34), this is the required inequality. O

Let K be any convex body in R™ and let ¢ > 0. The inner parallel body K & ¢B"™ is the
Minkowski difference of K and eB" as defined in (2). Then

KoeB"= () (K-y),

yeeBn"

so the inner parallel body is convex. (It may be empty.) For further properties, see [44,
pp. 133-137]. The following proposition is an immediate consequence of the fact that if K is
a convex body in R", then

(36) V(K) = V(K ©eB") < S(K)e.

This follows directly from either an inequality of Sangwine-Yager or one of Brannen; see The-
orem 1 or Corollary 2 of [14], respectively. The estimate (36) both generalizes and strengthens
23, Lemma 4.2], which concerns the case n = 2. The authors of the latter paper were unaware
that an even stronger estimate for n = 2 was found earlier by Matheron [37].

Proposition 3.5. If K C C is a convex body and € > 0, then
V(K) - V(K ©eB") < 2ne.

Let G be the class of all nonnegative functions g on R™ with support in 2C§ that are the
covariogram of some convex body contained in Cf, together with the function on R" that is
identically zero. Note that for each g € G and x € R", g(v) < gen(z) < V(Cf) =1

Lemma 3.6. Let 0 < ¢ < 1 be given. Then there is a finite set {(gf,g]U) cj=1,...,m} of
pairs of functions in G such that

(i) ||ng —gjL||1 <eforj=1,...,m and

(ii) for each g € G, there is an j € {1,...,m} such that g < g < g7

Proof. Let 0 < ¢ < 1 and let ¢5 = ¢5(n) > 1 be a constant, to be chosen later. Since K"(C{)
with the Hausdorfl metric is compact, there is an £/cs-net { Ky, ..., K,,} in K"(C{). For each
j=1,...,m,let KY = (K;+(g/cs)B")NCy and K = K; © (¢/c5)B". Define gf = KV and
gjL = 9Kt j=1,...,m. Both ng and gjL belong to G, 7 =1,...,m.

We first prove (ii). Let ¢ € G. There is a K € K"(C}) such that g = gx. Choose
Jj€{1,...,m} such that 6(K, K;) < e/cs. Since K C C} and K C K; + (¢/c5)B"™, we have
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K C (Kj+ (¢/¢s)B") N Cy = K. Also, we have
(K; © (¢/cs)B") + (¢/es) B" C K C K + (¢/¢5)B",

yielding KjL = K; © (¢/c5)B™ C K. These facts imply that gjL <g< ng, as required.
It remains to prove (i). It is easy to prove (see, for example, [44, p. 411]) that for any
convex body L in R",

/ gr(z)dz = V(L)
DL
Applying this, Steiner’s formula with quermassintegrals (see [20, (A.30), p. 404], basic prop-
erties of mixed volumes (see [20, (A.16) and (A.18), p. 399]) together with K; C C} C
(n/4)Y2B™ and c5 > 1, and Proposition 3.5 with  replaced by £/c5, we obtain

o ot = [0 ) de =V (D) V(D 2 (v () V(1)

J
0

< 2 ((v n(Kj + C%B”) - Y(Kj)) + (V(Kj) -V (Kj © CE—BBn)»
<a(n S (1) G ) (2) <

1=

provided that c5 is chosen sufficiently large. O

By analogy with [46, Definition 2.2], we refer to a finite set {(g/,¢Y) : j = 1,...,m} of
pairs of functions in G satisfying (i) and (ii) of Lemma 3.6 as an e-net with bracketing for the
class G.

The following proposition is a version of the strong law of large numbers. It is proved in
detail in [23, Lemma 4.4, with m; = k, and the variation stated here is established in the
same way.

Proposition 3.7. Let Xy, k € N, 1 =1,...,my, where my > k, be an independent family of
random variables, each with zero mean. If there is a constant C' such that

(37) E(X;) <C, keN, i=1,...,my,

then, almost surely,

mg

1
(39) S Xy 0
=1

my
as k — o0.

Lemma 3.8. For every k € N, let x,, 1 = 1,..., I}, be the points in the cubic array 2C§ N
(1/K)Z". Let Ny, k € N, i = 1,..., I}, be independent normal N(0,0?) random variables.
Then, almost surely,

sup  W(K,x;,Nz)—0
Kekn(Cy)
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as k — oo, where for each k € N, V(K ,x;,Ny,) is defined by (34) with ¢ = Ij, x5, =
(l’lk, C ,J;Ikk-)7 and NIk = (le, ey lek)

Proof. Let 0 < e < 1 and let {(g},¢Y) : j = 1,...,m} be an e-net with bracketing for G, as
provided by Lemma 3.6. Let K € K"(Cy) and let ¢ = gk € G. Choose j € {1,...,m} such
that g < g < ¢¥. Define N;i, = max{Ny, 0} and N;; = N, — Ny fork e Nand i =1,..., ;.
Then for k£ € N, we have

1 1 .
V(K,x;,N;) = —Zg(%k)Ni—]—ng(xik)Nm

IN
&
8
S
S~—
=
>+
|
|
=
8
&
ol

IN
= Fi-
o ~
S~—

where

(39) Wk(g) - maX {]k Zg] IZk lk‘ - T Zgj xzk Zk:}

.....

is independent of K. Consequently,

(40) sup  V(K,x,Nj ) < Wi(e),
Kekn(Cy)

forall 0 <e < 1.
Fix j € {1,...,m}, and let

Xik = ng(mzk)le; - gﬁj(wzk)E(NJ;)?

for ke Nandi=1,..., ;. Since gJU(xzk) < 1, it is easy to check that the random variables
X, satisfy the hypotheses of Proposition 3.7. By (38), we obtain, almost surely,

+ E(NYY) U
khm ]—k E gJ (ig) N = lim — E gj () E(N;}) = o 9; (x) du.

k—o0 k:

The same argument applies when Xj;, is deﬁned by X = (xzk)N g]L(xlk)E (N ﬁf). There-
fore, almost surely,

1

lim Wi(e) = oo max {E(Nﬁ) | df@de— e [ gk dx},
—00 7=1,..., m 20 207

Since the variable Nj; has zero mean, E(Ny;) = E(N;}). Also by Lemma 3.6(i) we have

|9 — gFlli < € and by Lemma 3.6(ii) we may assume that g% — .L >0, fori=1,...,m. We

conclude that, almost surely,

i We(e) = 5o max EONG) [ (o (@) = g} @) do < BQViD) /2

k—o00 on 7j=1,....m
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This and (40) complete the proof. O

Lemma 3.9. Let Ky C C§ be a convex body with its centroid at the origin. Suppose that Py
s an output from Algorithm NoisyCovLS(Q as stated above. Then, almost surely,

(41) Jim |g, = gp [, = 0.

Proof. Let Qi be the o-symmetric polytope from the input of Algorithm NoisyCovLSQ that
satisfies, almost surely, (20). Fix a realization for which (20) holds. We may assume that

khm 5(Qk; VK()) = 0,

as the other case is completely analogous. By [44, Theorem 4.2.1], S(Qy,-) converges weakly
to S(VKy,-) as k — oco. By [11, Theorem 6.8], weak convergence is equivalent to convergence
in the Prohorov metric, so S(Qy, -) converges in the Prohorov metric to S(VKj,-) as k — oo.
Now Lemma 3.3 ensures that if J; is the convex polytope corresponding to () in that lemma,
then S(Jg,-) converges in the Prohorov metric to S(Kjy,-) as k — oco. We may assume that
the centroid of Ji is at the origin for each k. By Lemma 3.2 (with K and L replaced by
Ky and Ji, respectively), there are constants a; and ky € N, depending only on Ky, such
that J, C a1 B™ for all £ > ky. By Blaschke’s selection theorem and the fact that a convex
body is determined up to translation by its surface area measure, the sequence (J;) has an
accumulation point and every such accumulation point must be a translate of Ky. But J, and
K, have their centroids at the origin and Ky C Cf, so
lim 0(Ky, Jp N CY) = khrgo d(Ko, Jx) = 0.

k—oo
(This consequence of the fact that dp(S(Jk, ), S(Ky,-)) — 0 as k — oo can also be derived
from a stability estimate of Hug and Schneider [29, Theorem 3.1], but we do not need the full
force of that result here.) It follows from the continuity of volume that ||gx, — gsncs |l — 0
as k — oo and hence that

(42) khjgo ‘QKO — ganCy ‘Ik = 0.
Next, we observe that Ji can serve as the P(a) in Lemma 3.4. By its definition, a translate

of Py is contained in Cf, and the quantity V(P,x;,, Ny, ) is unaffected by this translation.
From Lemma 3.8 we obtain

(43) khm ‘I/(Pk,X[k,N[k) =0 and khm \P(kacg,X]k,N[k) = 0.
Now (41) follows directly from (35) (with P(a) replaced by Ji), (42), and (43). O

Theorem 3.10. Suppose that Ky C Cf§ is a convex body with its centroid at the origin. Sup-
pose also that Kq is determined, up to translation and reflection in the origin, among all convex
bodies in R™, by its covariogram. If Py, k € N, is an output from Algorithm NoisyCovLSQ as
stated above, then, almost surely,

(44) min{d (Ko, Py),0(—Ko, Py)} — 0

as k — o0.
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Proof. By Lemma 3.9, almost surely,
(45) 90 — gpyl;, — 0,

as k — oo. Fix a realization for which this statement holds. For each k, P, has its centroid
at the origin and is a translate of a subset of Cff, so P, C 2C§ and by Blaschke’s selection
theorem, (Py) has an accumulation point, L, say. Note that L must also have its centroid at
the origin.

Let (Py) be a subsequence converging to L. Then since gx, — gp,, converges uniformly to
9K, — g1 as k' — oo, we have

2 1
|gK0 - ng"Mk, - 2_n (gKo(x) - gL(I))2 dz,
207
as k' — oo. From this and (45), we obtain ||gx, — 9L||L2(203) = 0 and hence gx, = g1, on

2C¢. As the support of g, is contained in 2C{' and both g%on and g;/" are concave on their
supports, we have gx, = g1, in R". The hypothesis on K, now implies that L = £Kj. Since
L was an arbitrary accumulation point of (FPy), we obtain (44). O

4. APPROXIMATING THE BLASCHKE BODY VIA THE COVARIOGRAM

Algorithm NoisyCovBlaschke

Input: Natural numbers n > 2 and k; mutually nonparallel vectors u; € S™ %, i =1,...,k
that span R™; noisy covariogram measurements

M = g1 (0) + N and M = gue (1)) + N

ij

fori=1,...,kand j =1,...,k% of an unknown convex body Ky C C}' whose centroid is at

m),

the origin, where the Ni(j s are independent normal N (0,0?) random variables.

Task: Construct an o-symmetric convex polytope ) that approximates the Blaschke body
VK.

Action:
1.Fori=1,...,kand j =1,... k% let

yzk—kQZkM(l )

2. With the natural numbers n > 2 and k, and vectors u; € S"', i = 1,...,k use the
sample means y;;, instead of noisy measurements of the brightness function by (u;) as input to
Algorithm NoisyBrightL.SQ (see [24, p. 1352]). The output of the latter algorithm is Q.
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Lemma 4.1. Let r > 0 and let K be a convex body with rB™ C K. If0 <t < 2r, then

(46) (1 _ i)n_l by (u) < J0) —9xt) oy

2r - t
for all uw € S™ 1.

Proof. Let u € S"'. By (12), we have
t
orc(0) = guc(tu) = [ ac(s.u)ds.
0
From this and the fact that ax(-,u) is decreasing, we obtain

(47) ax(t,u) < 9xc(0) _th(m)

< ag(0,u) = b (u).

The set
M = conv ((K|u") U [—ru,ru)

is generally not a subset of K, but elementary geometry using [—ru,ru] C K and (10) gives

(1 _ 2%) (KJu*) = Exi(t,u) C Ex(t,u).

Taking the (n — 1)-dimensional volumes of these sets and using (11) yields

(1 - i)n_l bic(u) < ax(t, w).

2r

The lemma follows from the previous inequality and (47). O

An inequality similar to (46) was derived in [31, Theorem 1] for n = 2.
For a fixed finite set uy, ..., u, of points in S, define a pseudonorm | - |, by

q 1/2
(48) £l= (3 Zf<ui>2) ,

where f is any real-valued function on S"~!. For a convex body K contained in C}, a sequence
(u;) in S™1 and a vector Xy = (Xiy, ..., Xpr) of random variables, let

k
1
\PK,UZ',X = — b uzXz
(R 1) 300 = 1 3 bl Xo
The same notations were used for a technically different pseudonorm and function ¥ in the
previous section, but this should cause no confusion.

Lemma 4.2. Let Ky be a convexr body in R™ with centroid at the origin and such that
rB" C Ky C C} for some r > 0. Let (u;) be a sequence in S™'. If Qi is an output
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from Algorithm NoisyCovBlaschke as stated above, them, almost surely, there is a constant
cg = cg(n,r) such that

¢

(49) brcy — b, ¥ < 29(Qr, (w), X)) — 20(Ko, (u;), Xy) + f|bKo = b, [k

for all k € N.

Proof. For i =1,... k, we have
k2

Jr,(0) — g 1/k)u; 1
Yik = l0) 17]2(( o + EZ(Ni(jl) - Ni(]'Q)) = pik + Xik,

j=1

say, where the X;;,’s are independent normal N(0,20?) random variables. Note that the ;s
are also independent. By (13),

Jim gz = brc, (ui).
In fact, the convergence is uniform. This is because for each u € S"~!, we have
bico(u) < bep(u) < beymyoypn(u) = (n/4) " Vg,
and

1 n—1

(50) 0< bKo( ) Pik < (1 - (1 - ﬁ) _ ) bKo(u) < Mk bKo(u)v k> 1/(2T)7

by Lemma 4.1, so there is a constant ¢; = ¢z(n,r) such that

(51) 0 < brey(us) — prar < E
forallkeNandi=1,...,k.
By the formulation of Algorithms NoisyCovBlaschke and NoisyBrightLSQ (cf. [24, p. 1352]),

(), minimizes

k
(52) Z bK uz _yzk’ 2
=1

over the class of all o-symmetric convex bodies K in R™. By (9), for each convex body there
is an o-symmetric convex body with the same brightness function. From this it follows that
@y is actually a minimizer over the class of all convex bodies K in R™. Substituting K = Q)
and K = K in (52), we obtain
k k
D by (ws) = pae = Xie)* <D (bicy () = e — Xt)”
i=1 i=1

Rearranging and using (48), we obtain

k
e, = b2 = 73 (b () = by (1)) (Xt = (b ) = )
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The definition of ¥ and Cauchy-Schwarz inequality yields

k

1/2
1
by — by [k < 29(Qn, (wi), X)) —2W (Ko, (u;), X) +2|bre, — be, |k (E > (biy (ui) — Mik)2> :

i=1
In view of (51), this proves (49) with ¢ = 2¢7. O

Lemma 4.3. Suppose that the assumptions of Lemma 4.2 are satisfied with a sequence (u;)

such that (u}) is evenly spread. Then, almost surely, there are constants cs = cg(n,r, (u;)) and

Ny = Ny((u;)) such that

(53) S(Qr) < cs,
for all k > Nj.

Proof. By the Cauchy-Schwarz inequality,

) 1/2
1
U (Qr, (1), Xi) — W (Ko, (ui), Xi) < [br, — bg, |k (E ZXZQK‘) :
=1

This and (49) imply that

L 1/2
Ce
|bK0 - ka|k <2 (E ;X3k> + %7

for all k € N. By Proposition 3.7 with my and Xj; replaced by k and X2 — E (X)), respec-
tively, the right-hand side converges, almost surely. Thus, almost surely, there is a constant
co = co(n,r) such that

(54) brc, — by |k < co.

As (u}) is evenly spread, we can apply [24, Lemma 7.1] with K and L replaced by 1K, and

[1Qy, respectively. Using this, the fact that 1K, C I[ICY = 2CF C /nB"™ (see [20, p. 145]),
and (6), we find that there are constants c19 = c10((u;)) and Ny = Ny((u;)) such that

(55) b, < crolbr, — b, |k +2v/7,
for k > N;. Finally, (53) follows directly from (54), (55), and (8). O

Lemma 4.4. Suppose that the assumptions of Lemma 4.2 are satisfied with a sequence (u;)

such that (u}) is evenly spread. Then, almost surely,

(56) Jim fbg, —boylk = 0.

Proof. Due to (49) and (54), there is, almost surely, a constant ¢1; = ¢11(n, r, (u;)) such that
c

(57) ’ka o bKo’Z < QQ(Qka (ul)7 Xk) - Q‘I’(Km (ul>7X/€) + %7

for all £ > N;. By Proposition 3.7 with my = k and X, replaced by b, (u;) X, the variable
U (Ko, (u;), X)) converges to zero, almost surely, as k — oo.
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For m € N, let H,, = {K € K" : S(K) < m}. If we can show that for all m € N, almost
surely,

k=00 KeMHyp,

then by (53), almost surely,

This and (57) will yield (56), completing the proof.
To prove (58), note first that by (7), we have

1 1<
< - = i vl X;
< o | 2o vl

Since S(K) = S(K,S" ') <m for K € H,,, it is enough to prove that, almost surely,
k

i=1

(UK, (u;), X)| = ‘%ZbK(uz)sz dS(K,v).

(59) lim sup =0.

k—00 ;e gn-1

This follows essentially from the uniform continuity of the function |u; - v|, v € S, and the
fact that S"~! is compact. In fact, if (59) does not hold almost surely, then there is a § > 0
such that

k—oo veS"*lk _

k
1
(60) limsup sup Z |ui - 0| X > 0F (| X11])
i=1

with positive probability. Let {wy,...,w,} be a §/2-net in S"~1. For any realization and any
k € N, there is a v, € S"! such that

k k
1 1
Let A; denote the set of all events such that an accumulation point of (v;) has distance at
most 0/2 from w;, j =1,...,m. For a realization in A; and any subsequence (k') of (k) such
that |vpy — w;| < 0 holds for sufficiently large k, we have, almost surely,
. 1 .
11]31 sup E Z |U,Z . Uk’|Xik’ — ? Z |U,L . ’LU]|XZ]€/ S (5hglsup y Z |X'Lk’| =0F (|X11|) s

— i=1 i=1 e i=1

by Proposition 3.7. But Proposition 3.7, with my, and X;; replaced by k" and |u; - w;| X,
respectively, also implies that, almost surely, the second term on the left-hand side converges
to zero, as k' — oco. In view of (61), this yields

k/

1
Z |UZ . U|Xik’ S 6E<|X11|) s
=1

limsup sup -
k! —o00 1}65’”71 k:
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for almost all events in A;. As any sequence in S™~! has at least one accumulation point, the
latter inequality holds, almost surely, contradicting (60). 0

Theorem 4.5. Let Ky C C} be a convex body with its centroid at the origin. Let (u;) be a
) is evenly spread. If Q. is an output from Algorithm Noisy-

sequence in S™ ' such that (u;
CovBlaschke as stated above, then, almost surely,

Proof. We have o € int K, so there is an r > 0 such that rB™ C K. By Lemmas 4.3 and 4.4,
we can fix a realization for which both (53) and (56) are true. Using (6), we observe that (56)
is equivalent to

(63) Jim [fng, — higylr = 0.

We also have hrg, = bg, < S(Qk), so by (53), the sets IIQ) are uniformly bounded. Exactly
as in the proof of [24, Theorem 6.1], with K and Py replaced by 11K, and I1Qy, respectively,
we can use the fact that (uy, —uq, ug, —us,...) is evenly spread to conclude that

(64) lim §(ILK, TIQ1) = 0.

Now rB™ C Ky C Cf yields sB™ C I1K, C tB"™ with s = Kn_1r"" 1 and t = y/n. Moreover,
(6) and (9) give II(VKy) = [1K,. Hence (64) implies that
3t
gB" C I(VEY), TIQ, € 5 B",

for sufficiently large k, where s and ¢ depend only on n and r. Exactly as in the proof from
(48) to (49) of [24, Theorem 7.2] (which in turn follows the proof of [25, Lemma 4.2]), this
leads to

T‘()Bn - VK(),Qk - }%()Bn7
for sufficiently large k, where o > 0 and Ry depend only on n and r. Then (62) follows from
(64) and the Bourgain-Campi-Lindenstrauss stability result for projection bodies (see [12] and
[16], or [20, Remark 4.3.13]). O

5. APPROXIMATING THE DIFFERENCE BODY VIA THE COVARIOGRAM

Throughout this section, ¢ will be a nonnegative bounded measurable function on R" with
support in Cf', such that [o, ¢(x)dz = 1.

Algorithm NoisyCovDiff(y)

Input: Natural numbers n > 2 and k; positive reals d; and &;; noisy covariogram measure-
ments

(65) M, = gr, (i) + Nig,

of an unknown convex body Ky, C Cj at the points z;;, ¢« = 1,...,I; in the cubic array
207 N (1/k)Z"™, where the N;;’s are independent normal N(0, 0?) random variables.



PHASE RETRIEVAL FOR CHARACTERISTIC FUNCTIONS OF CONVEX BODIES 25
Task: Construct an o-symmetric convex polytope (0 in R™ that approximates the difference
bOdy DKO

Action:
1. Let ¢, (x) = . ¢(x/ey) for x € R", and let

Iy,
(66)  gu(z) =) My / Py (T — 2)dz = (Z My, 1(1/k>03+zik> * Py, (T
, (1/k)Co+ai

i=1

2. Define the finite set
(67) S ={z €20y N (1/k)Z" : gp(x) > 01}

The output is the convex polytope Qr = (1/2)(conv Si + (—conv Sk)).

The input d; in the algorithm is a threshold parameter. The function gi(x) is a Gasser-
Miiller type kernel estimator for gx, with kernel function ¢ and bandwidth ;. As the design
points x;; are deterministic, gx is a multivariate fixed design kernel estimator. Such estimators
are common in multivariate regression and are discussed in detail by Ahmad and Lin [3].
Among other things, strong pointwise consistency and a bound for the rate of weak pointwise
convergence are given there. We shall need uniform bounds and establish them in the next
two lemmas. By [3, Theorem 1], for any z € R", g, () is an asymptotically unbiased estimator
for gr, (), if e — 0 as k — oo. We shall show that this holds uniformly in z.

For the convenience of the reader, we provide a proof of the following result of Matheron
[38, p.2] that the covariogram of a convex body is a Lipschitz function.

Proposition 5.1. If K is a convex body in R™ and x,y € R", then
95 (%) = gxe (y)| < 2 max by (u)lz —yl.
Proof. Using the formula
gk (x) = /n lx(2)1g(z —x)dz,

we obtain

@) = 9@ = [ @il —2) - Lz~ )] dz
< [ =)= 1x -yl d:

= [ (el =)~ Ll = )* dz = 2(g10) = g~ ).

the first equality holding since the integrand can only take values 0 or 1 and the second by a
simple evaluation. Using this and the right-hand inequality in (46), we get

9(2) — grc(y)] < 20 (ﬁ) =yl

and the proposition follows immediately. O
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Corollary 5.2. If Ky C C}' is a convex body, then for all z,y € R",
|91 (%) — gx0 (y)| < 2v/nfz —yl.

Proof. Since Ky C Cf, Proposition 5.1 yields
|9k (%) — gk (y)| <2 max bep(u)|z —yl.
ueSn—1

By Cauchy’s projection formula (7), for u = (uy, us, ..., u,) € S ! we have

by (u) =V (Cyut) Z i,

from which it is easy to see that bon(u) < /n. O
Lemma 5.3. Suppose that Ky, €, and g are as in Algorithm NoisyCouvDiff(p). For each
k €N and x € R",

|E (9x(2)) — gr0 ()] < 2n(ey +1/k).

Consequently, gi 1s uniformly asymptotically unbiased whenever limy_. ex = 0.

Proof. Using (65), (66), and the definition of ¢.,, we obtain

(68) |E (gr(x)) — gi ()] < Z 950 (Tit) — grco ()] ey (= 2) dz,
(1/R)Cg +in

for all x € R™. The support of ¢., is contained in £,C§, so for fixed z, the support of the
integrand ., (x — 2) is contained in £, C{ + x. Now if x; & (ex + 1/k)CY + x, then €,CJ +
and (1/k)C{ + x, are disjoint, so the corresponding summand in (68) vanishes. Moreover, for
Tix € (ex + 1/k)CY + x, Corollary 5.2 and the fact that the diameter of CJ is v/n imply that

|95 (Tik) = greo ()| < 2n(ep + 1/k).

Consequently,

Iy,

B (@) — gio(@)] < 20+ 1/0) Y / el — 2)d2

i=1 7 (1/k)Cy+zip

< 2n(5k+1/k)/ e (x — 2)dz = 2n(ey, + 1/k),

n

as required. [l

In [3, Lemma 1], a polynomial rate of convergence result in the weak sense is established. In
contrast, we assume Gaussian measurement errors, which allows us to obtain an exponential
convergence rate.
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Lemma 5.4. Suppose that Ky, €k, and gy are as in Algorithm NoisyCovDiff(p) and let § > 0
and limy_,« € = 0. Then there is a constant Ny = Ny((ex),n) € N such that

(69) Pr (|gi(z) — g, ()] > 6) < c12(0(ker)™?) L exp (—c136% (ker,)™)
for all k > Ny and all x € R", where c1o = (47c13) Y2 and c13 = (80%]|¢]|0) ™"
Proof. Let

Rilo) = @) = Elar@) =3 No [ e 2)de

i=1 (1/k)CF+z44,

(Compare (66).) For fixed x, Ri(x) is a weighted sum of independent normal N (0, 0?) random
variables, so Ry (z) is N(0,7%(z)), where

I,

2
2) = o / oo (2 — 2)dz
; A/WCh e

< opullV ( wecnz / ool — 2)dz

/k)c +Tik

< () ol k" / e (@ — 2)dz = 0| oo (ker) ™
Rn

A well-known estimate (see [18, p. 175]) for the one-sided tail probability of a normal N(0, 1)
random variable N states that

1 t?
Pr(N >1t) < exp|——= 1,
(N>t) < o p( 2)
for all ¢ > 0. Hence

(70) Pr (|Ri(2)| 2 6/2) < c1a(d(ker)"?) " exp(—c130” (key)"),

where c15 and ¢35 are as in the statement of the lemma. By Lemma 5.3, there is a constant
Ny = Ny((ex),n) € N such that for all £ > Ny and 2 € R, we have |E (gr(x)) — g, (x)] < /2
and therefore

Pr (lge(x) = g, (2)] > 0)

Pr ([gr(z) — E (g(2)) | + B (9x(x)) = gy ()] > 0)
Pr (|R(z)| > §/2).
Now (69) follows from this and (70). O

IA A

For a convex body K in R” and § > 0, let K(§) = {z € R" : gx(x) > 0}. Since g}(/" is
concave on its support, K(d) is a compact convex set, sometimes called a convolution body
of K. References to results on convolution bodies can be found in [20, p. 378].

Lemma 5.5. Let K be a convex body in R". If 0 < 6 < V(K), then

(1 - %) DK C K(5).



28 GABRIELE BIANCHI, RICHARD J. GARDNER, AND MARKUS KIDERLEN

Proof. Let t = (§/V(K))™ and let € (1 —t)DK. Since DK is the support of g, there is a
y in the support of gk such that x = (1 —t)y + to. As g%" is concave on its support, we have
gr (@) > (1= )gr(y)" + tg (o)™ > ¢V (K)/" = §'/m.

It follows that x € K(0). O

Theorem 5.6. Suppose that Ky, 0k, €k, and gy are as in Algorithm NoisyCovDiff(p). Assume
that limy,_.o €, = limg_.oo 0, = 0 and that
62 (kep)™ o nt2

71 lim inf —£
( ) ll?—{gol logk T (13

where cy3 is as in Lemma 5.4. Let ¢y > /n(2/V(Ko)Y"™. If Qi is an output from Algo-
rithm NoisyCovDiff(p) as stated above, then, almost surely,

(72) §(DEo, Qr) < c1a8,",

Y

for sufficiently large k. In particular, almost surely, Q) converges to DKy, as k — 00.
Proof. Due to (71), there is an integer N3 = N3(p, 02, (gx), (0x)) such that

(73) cra(0p(kep)?) 1 < 1

for all kK > Nj3. Let

U= X |9k(%) — g ().

By Lemma 5.4, (73), and (71), we have
Pr(ay > d5) < > Prlge(@) — gro(x)] > 6k)

z€2CPN(1/k)Zn

3
< (2k + 1) exp(—ci30i (kep)") < =

for all £ > max{Ny, N3}. Therefore, by the Borel-Cantelli lemma, we see that, almost surely,
ay < 0 for sufficiently large k. Fix a realization and a k € N such that a; < d; and

26, \'" 3
™ (vire) s =

where s(Ky) = max{p > 0: pC§ C DKy}. As ay < 0, the definition (67) of Sy implies

1
K0(25k) N EZ” C S, C DK,.

The set on the left is o-symmetric, and DK is convex and o-symmetric, so

1
(75) conv (K0(25k) N EZ") C Qr C DK,.
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We claim that
3 1
(76) Ky(26;) © ECS C conv (KO(Q(Sk) N EZH) :

where Minkowski difference © is defined by (2). Indeed, let x € Ky(20,) © (3/k)CE. As
{y+ (1/k)Cy -y € (1/k)Z™} is a covering of R™, there is a y € (1/k)Z" with x € (1/k)C} +vy
and hence y € (1/k)Cy + x. It follows that

3
k
As the vertices of (1/k)(2C) + y are in (1/k)Z", we have x € conv (Ko(26;) N (1/k)Z"),
proving the claim.

Let t;, = (26,/V(Ky))Y/". The fact that DK, is convex and contains the origin, (74),
Lemma 5.5 (with § = 2J), and the definition of s(Kj) imply that

1

(1 — (tk + 8(;0)16» DKy=(1—t) DKy & (ﬁDK()) C Ko(201) © %Og.

From this, (76), and (75), we obtain

(1 — <tk + ﬁ)) DKy C Qr C DK,.

As DK, C \/nB", this yields

3(DKy,Qy) < v/n (tk T s(KLo)k) N (ﬁ <V(i{0>>l/n i s(;o\)/lzi/"> "

By (71), kéi/n — 00 as k — oo, and (72) follows. O

The estimate (72) reveals that the rate of convergence of @y to DK, depends on the
asymptotic behavior of the threshold parameter ¢, which is linked to the bandwidth &, by
(71). If we assume that V(Kj) is bounded from below by a known constant, then ¢4 in the
statement of Theorem 5.6 can be chosen independent of K,. We note the resulting rate of
convergence as a corollary, where we choose ¢; and d;/logk as appropriate powers of k. In
particular, it shows that a convergence rate of k7P can be attained, where p is arbitrarily close
to 1/2.

Corollary 5.7. Suppose that Ky, O, €k, and g are as in Algorithm NoisyCovDiff(p). Let
0<b< V(Ky), let 6, = k0= 2logk, and let e, = k=, for some 0 < a < 1. If Qy is an
output from Algorithm NoisyCouvDiff(p) as stated above, then, almost surely,

9 1/n
§(Qr, DK,) < vn <5) ki(lia)/Q(lOg k)l/n’

for sufficiently large k.
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6. PHASE RETRIEVAL: FRAMEWORK AND TECHNICAL LEMMAS

In this section we set the scene for our results on phase retrieval, beginning with the nec-
essary material from Fourier analysis.

Let g be a continuous function on R"™ whose support is contained in [—1,1]" and let L > 1.
By the classical theory, the Fourier series of g is

E CZGZWZI/L,

ZE€L™
for x € [-L, L]", where

1 / —inzt/L 1 / —inzt/L 1 -
C, = — g(t)e '™ dt = g(t)e ™ dt = ——9g(rz/L).
(2L)" Ji_p.pn (®) (2L)" Jgn ®) (2L)" (/L)

w=12€Z" 2= (z1,....2), |7l < k,j=1,...,k}.
If g is also Lipschitz, then by [33, Theorem 3], the square partial sums Zzezg c,e™ /L of the

Fourier series of g converge uniformly to g. Therefore, if ¢ is also an even function, we can
write

(77) g(z) =

Let

1
(2L)"

S s/ Lyl =

ZEL™

Z g(mz/L) cos WZL' x’

ZEL™

for all © € [—L, L]", where equality is in the sense of uniform convergence of square partial
sums.
Let Z}(+) be a subset of Z} such that

(78) Zi(+) N (=Zp(+)) =0 and  Zy = {o} UZy(+) U (= Z;(+)).

Suppose that g is even and for some fixed 0 < v < 1 and each k € N, we can obtain noisy
measurements

(79) /g/z,k = ’g\(z/k’Y) + Xz,k7
of g, for z € {0} UZ}(+), where the X, ;’s are independent N (0, %) random variables. Define
Xok = X_,y, for z € (=Z}(+)) and note that then X, = X_, for all z € Z}. Since g is

even, g is also even, and we have g, = g_, for z € Z}. Using these facts, (77) with L = 7k?,
and (79), we obtain

1 ~ AR ) z o AR
(80) g(:z:):w ;gz,kCOSW_ZXz,kCOS?—F > g(z/k”)cosw ,

for all x € [—mk?, mk?]". Here the first term is an estimate of g(x), the second term a random
error, and the third term a deterministic error.

Since it has all the required properties, we can apply the previous equation to the covari-
ogram g = gx, of a convex body K; contained in CZ, in which case gx; = |1x,|2 In order to
move closer to the notation used earlier, we now use ¢ as an index and again list the points
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in [—1,1]" N (1/k)Z" = (1/k)Z}, but this time a little differently. We let z¢r = o, list the
points in (1/k)Z;(+) as xj, ¢ = 1,..., I, = (2k + 1)" — 1) /2, and then let z;; = —x(_;) for
i=—I,...,—1. Now let z;, = k' 7z, so that

(1/ENZE ={zi i = -1}, ..., I }.

Setting g, = %zjk,k and X, = X, , &, we use (79) to rewrite (80) as

(81) My (%) = g, (x) + Nig(z) — di(),
where

& N
(82) My (z) = szl, cos(2jk - T)Gjk

is an estimate of gg,,
1 L
(83) Ni(z) = D coslzpe- @)X,

Y\n
(2mk7) P

is a random variable, and

(84) dp(z) = ! Z cos (%) 9ro (2/K)

L L

is a deterministic error.
We shall need three technical lemmas. The first of these provides a control on the deter-
ministic error.

Lemma 6.1. Let dj, = sup{|dy(z)| : # € R"}. Then dp = O(K""*(logk)") as k — .

Proof. From (84), the fact that gr, = |Tx,|? is nonnegative, and (77) with g = gx, and
L = 7k7, we have

1 _ 1 _—
(85) b S oy 2 TR = 00(0) = s D TR/,
T 2€ZM\L} g 2€Ly
For t € R, let
k .
_ ar _ sin((k +1/2)t)
Delt) = ZE_:ke T sm(2)

be the Dirichlet kernel. Note that for x = (z1,...,z,) € R", we have

Z eiz.a: _ I (Z eila:l> _ J;!:Dk(xl)

2€LP I=—k
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Using this and the fact that gy, is even, with support in [—1, 1]”, we obtain

1 —iz-x kY
(27rk7 ZQKO 2/kY) = 27rk:7 Z/ (z)e /K" do
2€L? 2€ZD kY ﬂkV]”
1 n
= Dy(—x;/k7) d
(2mky)n /[—wkv,nm]ngKO(x)E (/W) de
1 n
(86) — i [ o) [[Duton) o
@2m)" Ji1 e ’ E
Since [ Dy(t) dt = 2m, we have
1 n
(87) 500 = e [ o T Daton) dy
o (27T)n [—m,m]™ o g

Thus, by (85), (86), and (87),

dy,

<271r>n / 900 = 91 (R ]| Dityn) dy

1 / -
— Dy (yi) dy| .
(2m)™ Jirmm\ (-1, H

By Proposition 5.1, gk, is Lipschitz and hence the Lipschitz norm of gg,(yk?) is O(k”). Now
[33, Theorem 1] implies that

ﬁ /[_1 1]n(gKo(O) — 9xo (k")) [ Di () dy

for some constant ¢;5 independent of k. (In the statement of [33, Theorem 1], D;(Y") should
be D;(Y). In that theorem we are taking « = 1 and J = (k, k, ..., k) € Z™.)
In view of (88) and (89), the proof will be complete if we show that

(88) + 9x,(0)

n—1

< 15kt Z(log k)”’l,

=0

(89)

n

(90) / T] D)z = O(1/k),
=\ =L 1

as k — oo. To this end, observe that, by trigonometric addition formulas and integration by
parts,

/ ﬂl Dy(t) dt = /1 "Dult)dt = /1 ' Sin(fg(ijz()tﬂ) i /1“COS<M> B

cos k cot(1/2) ™ cos(kt) d sin k
— +/1 7 (cot(t/2)) dt

(91) — O(1/k).
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Now
[—m, 7" \ [-1,1]" = UL (4 U By),
where
A ={(z1,...,2p) —1<z;<1lforj<i,l1<z <m—7n<z; <mforj>i}
and B; = —A;. By (91), we have, for each i,

/A ﬁDk(xz)dw = (/_11 Dk(t)dt)i_1 /17T Di(t)dt (/_: Dk(t)dt>n_i

i = (21 — O(1/k))"* O(1/k) (21)"".

Since int (A4;) Nint (A;) = 0, for each i, j with ¢ # j, int (A;) Nint (B;) = 0, for ecach 7, j, and
[1,-, Dx(z;) is even, the previous estimate proves (90). O

It is possible that the previous lemma could also be obtained via some estimates proved in
[13] for the rate of decay of [, T, (ru)|? du as r — oo.

The next two lemmas will allow us to circumvent Proposition 3.7, the version of the Strong
Law of Large Numbers used earlier.

Lemma 6.2. Let Y, j = 1,...,my, k € N be a triangular array of independent N(0,0?)
random variables, where my, ~ k™ as k — oo. Let v and apg, p,q = 1,...,my be constants
such that |ape| = O(KY) as k — oo uniformly in p and q, where 2n — 4ny + 2v < —1. Then,
almost surely,

1 ok
2 = Gy 2 ok Yik¥ax — 0.
p,q=1
as k — oo.

Proof. Note that E(Y,rYy) = E(Yr)E(Yy) = 0 unless p = ¢q. Therefore

1 - 1 < 2 E(Y{) S

so |E(Z;,)] = O(k"2"1) and hence E(Z},) converges to zero as k — o0o.
Let
Vpgrs = €OV (YprYor, YouYer) = E(YorYorYorYor) — E(YorYor) E(YorYar)-

If the cardinality of the set {p,q,r, s} is 3 or 4, then at least one of the indices, say p, is
different from all the others and

Vpgrs = E(Ypr) E(YorYorYer) — E(Ypr) E(Yor) E(YiYer) =0 —0 = 0.
If the cardinality of the set {p,q,r, s} is 1, then
Upgrs = Upppp = E(Yp%e) - E(Y;;Qk)Q = var (Y3).
If the cardinality of the set {p,q,r, s} is 2, then either p = ¢, r = s and p # r, and
Upgrs = Upprr = E(YﬁkYer) - E(Yp%c)E(Ki) =0,
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orp=r,q=sand p # q, and

Upgrs = Upgpq = E(Y?k}/fk) - E(kaYth)Q = E(Y121>2 = var (Y11)27
orp=s,q=rand p # q, and

Upgrs = Upgqp = E(Y;quQk) - E(Y;)kY;]k)Z = E<Y121>2 = var <Y11)2-

Thus
1 ok
var (Zy) = —(27rlﬂ)4” Z ApgkQr sk Upgrs
p,q,r,s=1
var (Y2) = 5, var(Yy;)?
- (2mk)4n Zappk (2mkY) (Ork )4 Z aqu + Z (pgk Qqpk
p=1 p#q=1 pAq=1

=0 (k2n74n'y+2u) )

Let € > 0. For sufficiently large k, we have ¢ — E(Z;) > 0, and for such k, by Chebyshev’s
inequality,

var (Zy) _—
Pr(Zy > ¢) = Pr(Zy — E(Zy) > e — E(Z})) € ——— = O (K* 42
(> ) = Pr{Za = B(7) > <~ E() < ) —o )
Our hypothesis and the Borel-Cantelli Lemma imply that, almost surely, Z; converges to zero,
as k — oo. 0

Lemma 6.3. Let Yj(,:), j=1,....,my, k € N, r = 1,2 be independent N(0,c?) random
variables, where my, ~ k" as k — oo. Let v and apgr, p,q = 1,...,my be constants such that
lapg| = O(kY) as k — oo uniformly in p and q, where 2n — 4ny + 2v < —1. Then, almost
surely,

7 (2)y(1)y(2)
Zk 271']{7 (9 Lv\2n Z Clqu Y;ﬂf Yzlk Y;I - O’
p,g=1
as k — oo.

Proof. Straightforward modifications to the proof of Lemma 6.2 show that
o 2
E((0))
E(Z.) =

(2mk)2n Z ppk>

p=1

so |E(Zy)] = O(k"~2+¥) and hence E(Z},) converges to zero as k — oo. We also obtain

7
n\* m2\* 4
. E (<Y1(1)> ) - E ((3/1(1)> ) my , var (Yl(ll)> my , my,
o loNdn Z Apar; + Z Apgk Agpk

var (Zk) = (27‘(‘]{;'7)4” a/ppk (271']{77)4”

— O (an—4n7+2y) ]

pF#q=1 p#q=1
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The proof is concluded as in Lemma 6.2. ([l

7. PHASE RETRIEVAL FROM THE SQUARED MODULUS

This section addresses Problem 2 in the introduction.
Algorithm NoisyMod?LSQ

Input: Natural numbers n > 2 and k; a real number v such that 0 < v < 1; noisy
measurements

(92) Git = |1/K\0<sz)|2 + Xk,

of the squared modulus of the Fourier transform of the characteristic function of an unknown
convex body K, C C§ whose centroid is at the origin, at the points in

{zir :1=0,1,..., I} = {o} U (1/K")Z}(+),

where Z7(+) satisfies (78) and where the X;;’s are independent normal N(0,0?) random
variables; an o-symmetric convex polytope ) in R"™, stochastically independent of the mea-
surements g;., that approximates either VK, or DK, in the sense that, almost surely,

(93) klim 0(Qk, VKy) =0, or klim d(Qr, DKy) = 0.

Task: Construct a convex polytope Py that approximates Ky, up to reflection in the origin.

Action:

1. Let gix = G(ip, for i = —1I,..., =1, let wy, = K" 'z, i = —1,..., I} be the points in
the cubic array 2C% N (1/k)Z™, and let

&
(94) Milow) = g D coslese 2
J==1k

fori=—1I,..., 1.

2. Run Algorithm NoisyCovLSQ with inputs n, k, Qk, and with My, replaced by My (z),
for i = —1I;,...,I; and with the obvious re-indexing in 7. The resulting output Py of that
algorithm is also the output of the present one.

The main result in this section corresponds to Theorem 3.10 above. We first state it, and
then show that it can be proved by suitable modifications to the proof of Theorem 3.10 if in
addition v > 1/2 + 1/(4n).

Theorem 7.1. Suppose that Ky C C}' is a convex body with its centroid at the origin. Suppose
also that Kq is determined, up to translation and reflection in the origin, among all convex
bodies in R™, by its covariogram. Let

(95) 1/24+1/(4n) <~y < 1.
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If P, k € N, is an output from Algorithm NoisyMod?LSQ as stated above, then, almost surely,
(96) min{é(Ko, Pk), (5(—K0, Pk)} d 0
as k — oo.

As we shall now show, the proof of this theorem basically follows the analysis given in Sec-
tion 3. Of course, alterations must be made, since the measurements M;; in Algorithm Noisy-
CovLSQ have been replaced by the new measurements My (z;;) defined by (94) or equivalently
by (82) with x = 2. In view of (81), we have

My(zi) = gro (i) + Ni(zar) — di(zir),

i = —1I;,..., I, where Ni(x;) and dy(x;) are given by (83) and (84), respectively, with
r = Tjk.

We begin with a lemma. Note that I, = 2I; + 1, so the expression in the lemma is the
sample mean. Also, recall that by their definition, the random variables X, and X, are
N(0,0?) and independent unless k = [ and p = +¢, in which case they are equal.

Lemma 7.2. Let Ni(zy)t = max{Ny(zy),0} for all i and k. If (95) holds, then, almost
surely,

[_k Z Ni(za)™ — 0,
i=—1I,
as k — oo.
Proof. Note firstly that
1 N 1
I_k Z]/ Nk(xzk) < I_k 'ZF |Nk($zk)| < | — ZII Nk(gjzk)
i=—1I], i=—1I} i=—1I]

as k — 00.
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We have

2

I I

1 & 1
== P

k =—1I,
1 i 1 Ik
- (2mk)2n Z I Z cos(zpy - Tik) €08(2gk * Tir) | XpkXgk
pg=—1, i=—TIj,

Qﬂ_kﬂ/ Z Cqu quka

p,q=—1,

say. Since ¢(_pygk = Cp(—q)k = Cpqk, it is clearly enough to show that, almost surely,

27rk;7 (2mk7)2n Z CpakXpkXqr — 0,

p,q=1

as k — oo. In view of (95) and the fact that |c,q| = O(1), this follows from Lemma 6.2 with
Y = Xji, my = I, apge = Cpgi for all p, ¢, and k, and v = 0. O

Proof of Theorem 7.1. We shall indicate the modifications needed in Section 3. No changes are
required in the lemmas before Lemma 3.4. For the latter, we shall use the same notation as
before, with the understanding that the indexing has changed and the new random variables
Ny (x) replace the random variables V;; of Section 3. Thus we write

1/2

|f‘lk: Zfzz )

zf—I’

with corresponding changes in indexing in the definitions of x;,, N, , and ¥. With the same
proof as Lemma 3.4, we now have the inequality

n 2
|gKo - ngﬁk < QLIJ(P/%XIM ka) - 2\P(P(a) N C()’XIk? ka) + ‘gKo - gP(a)ﬂC{)’"Ik +

(97) +— Z (9p@ncy (zik) — g, (zin)) di(zir),

-/
i=—1Ip

instead of (35).
Proposition 3.5 and Lemma 3.6 are unchanged. We do not require Proposition 3.7 in order
to conclude as in Lemma 3.8 that, almost surely,

(98) sup VY(K,x;,N;)—0,
Kekn(Cy)
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as k — oo. Indeed, it is enough to show that, almost surely, the new expression corresponding
0 (39), namely,
L L
Wi(e) = max Z 95 (wir) (i) ¥ — — Z 95 (@) Ni(za) ~ ¢

Jj=1,....m I
k i=—1I, 1—71’

converges to zero, as k — oo. This follows from Lemma 7.2, because the coefficients ng(a:ik)
and g¥ (x;,) are uniformly bounded by 1 and Lemma 7.2 holds both when such coefficients are
inserted and when Ny (x)" is replaced by Ni(z4)” = Ni(@iu)— Nk (24)T = max{—Ny(z), 0}.

All this is enough to ensure that Lemma 3.9 still holds. Indeed, since a translate of Py is
contained in C§, and V(FPy, xy,, Ny, ) is unchanged by such a translation, we know from (98)
that, almost surely, the first and second terms on the right-hand side of (97) converge to zero,
as k — oo. We have gp(a)mcg(l’ik) < 1 and gp, (z4) < V(2CF), since P, C 2C{, and then
Lemma 6.1 implies that the new fourth term on the right-hand side of (97) converges to zero
as k — 00. The rest of the proof of Lemma 3.9 proceeds as before.

The proof of the main Theorem 3.10 now applies without change. ([l

The user of Algorithm NoisyMod2LSQ must supply as input an o-symmetric convex poly-
tope @k in R™ that approximates either VK, or DK. For this purpose we provide two algo-
rithms that do the work of Algorithm NoisyCovBlaschke and Algorithm NoisyCovDiff(p).

Algorithm NoisyMod?Blaschke

Input: Natural numbers n > 2 and k; a positive real number hy; mutually nonparallel

vectors u; € S"1, i =1,...,k that span R"; noisy measurements
(99) Gie = 1o (zin)|* + X,

of the squared modulus of the Fourier transform of the characteristic function of an unknown
convex body K, C Cj whose centroid is at the origin, at the points in

{zir :1=0,1,..., I} = {o} U (1/K")Z}(+),
where Z7(+) satisfies (78) and where the X;;,’s are independent normal N(0,c?) random
variables.

Task: Construct an o-symmetric convex polytope ) that approximates the Blaschke body
VK.

Action:
1. Let git = g(—ik, for i = —1I;, ..., —1, and let
1 . i
(100) My(o) 27rk:“/ Z and My, (hyu;) = W Z cos(2jk - hiwi)Gjk,
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fort=1,... k. Then fori=1,... k, let

M, — My (hyu;
(101) e = M0 = Ml
k
2. With the natural numbers n > 2 and k, and vectors u; € S*!, i = 1,...,k use the
quantities y;; instead of noisy measurements of the brightness function by (u;) as input to
Algorithm NoisyBrightL.SQ (see [24, p. 1352]). The output of the latter algorithm is Q.

We shall show that the argument of Section 4 can be modified to yield a convergence
result corresponding to Theorem 4.5. It is clear that any such result must require the input
hy to satisty hy — 0 as & — oo, but we need a stronger condition phrased in terms of
parameters € and 7 that satisfy (102). Since the second inequality in (102) is equivalent to
v > (2n 4+ 5 — 4e)/(4n + 4), which decreases as n increases and equals (9 — 4¢)/12 when
n = 2, it is possible to choose v and e so that (102) is satisfied. Specifically, one can choose
3/4 <y <1land 0 <e<1-—r. Note also that (102) implies (95).

There is considerable flexibility in the choice of the parameter hj, and it would be possible
to introduce a further parameter ¢, by working with input vectors u; € S* 1 i =1,...,q,
where ¢, — 00 as k — o0o. To avoid overcomplicating the exposition, however, we shall not
discuss this any further.

Theorem 7.3. Let Ky C C} be a convex body with its centroid at the origin. Let (u;) be a
sequence in S"1 such that (u}) is evenly spread. Suppose that hy, ~ k7' k € N, where ¢

and vy satisfy Z

(102) O0<e<l—n and 2n—4ny+4(1—~v—¢) < —1.

If Qi is an output from Algorithm NoisyMod? Blaschke as stated above, then, almost surely,
(103) kh_}rgo d(V Ky, Qx) = 0.

Proof. We shall indicate the changes needed in Section 4. Note that by (101), and (81) with
r = o0 and x = hiu;, we have
(104)
My(0) — Mi(hwwi) _ 9xo(0) — gro (Puws) | Ni(0) — Ni(hyus) — di(0) — di(hnws)

= + - ,

hy hi hy hy
fori=1,...,k, where Ni(0), di(0), Ni(hyu;), and di(hiu;) are given by (83) and (84) with
x = o or x = hyu;, as appropriate.
Lemma 4.1 is unchanged. Turning to the proof of Lemma 4.2, we now have

Yik =

Vit = Gk + Ti,

where

G = 9x0(0) = greo (i) di(0) — di(luwi) T, — Ni(0) — Nip(hgus)

1
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for i = 1,...,k. Since h, ~ kK77'7¢ for 0 < € < 1 — ~, the second term in the previous
expression for (;; converges to zero as k — oo, by Lemma 6.1, and hence (;; — bg,(u;) as
k — oo, as before, for : = 1,..., k. Moreover,

bKo (uz) — Czk — (bKo (ul) _ 9K, (0) _hiKo (hkuz)) 4 dk(O) —hik(hkul)7

so arguing as in the proof of Lemma 4.2, we use Lemma 4.1 with ¢ = hy to obtain (50) with
t = hy, that is,

— hi; —1h
0 S bKO(uz> - gKO(O) thO( kuz) S (n 5 ) ka()(Uz'),
k T
if hy < 2r. We also have
dy,(0) — di(hrui) O(k~),

D,
by Lemma 6.1, so there is a constant c¢;6 = c16(n, ) such that
brco (wi) — G| < crh™"

for { =min{e,1 —y+¢},and all k € Nand i = 1,..., k. The rest of the proof of Lemma 4.2
can be followed, yielding that, almost surely, there is a constant ¢;; = ¢17(n, r) such that

C
(106) |bK0 - kali < 2\D(Qk7 (u2)> Tk) - 2\D(K0a <u1)7 Tk) + -1 |bK0 ka|k>

for all k£ € N. (Again, we assume that the obvious changes are made in the notation.)
The next task is to check that Lemma 4.3 still holds. With (106) in hand, this rests on
proving that, almost surely,

1 k
=7 ZTﬁﬁ
=1

is bounded. In fact we claim that, almost surely, V,, — 0 as K — oo. To see this, note that

v %Z(Nk Nk(hkul))

I

k
1 1 1 — cos(zjk - hgu;)

= — X
k (2rk)" > < hi ) I*

i=1 j=—1I}
1 i
pq——l’
where
1 k
(107) Qpgk = k’h2 Z(l — COS(Zpk . hkuz)) (1 — COS(qu . hkuz))

=1
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and hence |a,g| < 4/h%. As in the proof of Lemma 7.2, we may take the indices p, g from 1 to
I}, and then, by (102), the claim follows from Lemma 6.2 with my = I; and v = 2(1 — v —¢).

At this stage the work for Lemma 4.4 is already done. Indeed, by the Cauchy-Schwarz
inequality,

L 1/2
1
W (Qk; (1), Tg) — V(Ko (wi), Tr) < |br, — bg, |k (E ZTZ%C) = |br, — b, | Vi
=1

Using this and (106) we see that, almost surely,

C17

[bry — byl < 2V + R

as k — oo.
Finally, the proof of Theorem 4.5 can be applied without change. O

The next algorithm corresponds to Algorithm NoisyCovDiff(¢). As for that algorithm, ¢ is a
nonnegative bounded measurable function on R with support in C§, such that [, ¢(z) dz =
1.

Algorithm NoisyMod?Diff(y)

Input: Natural numbers n > 2 and k; positive reals d; and €i; a real number 7 satisfying
0 < v < 1; noisy measurements
(108) i = i (zae) |* + Xin,

of the squared modulus of the Fourier transform of the characteristic function of an unknown
convex body K, C C§ whose centroid is at the origin, at the points in

where Z7(+) satisfies (78) and where the Xj;’s are independent normal N(0,0?) random

variables.

Task: Construct an o-symmetric convex polytope (J; in R™ that approximates the difference
body DKj.

Action:
1. Let gix = Gri, for it = =1, ..., —1, let xy, = K" 'z, i = —1,..., I} be the points in
the cubic array 2C7 N (1/k)Z", and let
R
(109) Mk<l‘zk) = W Z COS(ij . xik)ﬁjk,
j=—1,

fori=—1I,.... 1.

2. Run Algorithm NoisyCovDiff(yp) with inputs n, k, o, €x, and My, replaced by My (z),
for i = —1,..., I} and with the obvious re-indexing in i. The output Q) of that algorithm is
also the output of the present one.
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We shall show that the argument in Section 5 used to prove Theorem 5.6 can be modified
to yield the following convergence result.

Theorem 7.4. Suppose that Ky, 6, €x, and g are as in Algorithm NoisyMod?Diff(p). As-
sume that limy,_.o €, = 0 and that 5, ~ k=, where 0 < X\ < n(y — 1/2). If Q4 is an output
from Algorithm NoisyMod?Diff(p) as stated above, then, almost surely,

(110) 5(DKo, Qi) < 15",

for sufficiently large k. In particular, almost surely, Q) converges to DKy as k — oo.

Proof. Algorithm NoisyMod?Diff(¢) can be regarded as Algorithm NoisyCovDiff(¢) with Mj,

and Ny replaced by My (z;) defined by (109) and Ni(x;) defined by (83) with x = xu,

respectively. We follow the arguments of Section 5 with this substitution in mind.
Proposition 5.1 and Corollary 5.2 are unaltered. For Lemma 5.3, we note first that by (83),

E(Ni(z)) = 0 for all 4 and k. The same calculations as in the proof of Lemma 5.3 lead to

|E(gr(x)) — gro ()] < 2n(e + 1/k) + di,

where dj is as in Lemma 6.1. By that lemma, d, — 0 as & — oo and hence the second
statement in Lemma 5.3 still holds.
Next, for Lemma 5.4, it will be convenient to let

ali,k,x) = / e, (v — 2)dz.
(1/K)CG +aik

Then we have, by (83),
I

Ry(z) = ge(x) — E(gi(z)) = Z a(i, k, ©) Ny (i)

i=—1I,
I 1 I

= > | @y 2 ol k) costage- ) | X
=1, =1

This is a weighted sum of independent N (0, c?) random variables, so it is N(0,72(x)), where

2

I/ I/
k k
0'2

(z) = W Z Z a(i, k, x) cos(zj - Tik)

j=—1, \i=—1I,
Using the fact that |cost| < 1 and Zfé_l, a(i, k,x) <1, we see that
- k
2 n
9 o*(2k+1)
@) < (2mk)2n

The same argument as in the proof of Lemma 5.4 now leads to the conclusion that there is
an Ny = Ny((ex),n) € N such that

(1) Pr(lge() — g, (2)] > 8) < cxo(SK™™ ")~ expl(—exod "),

= O(k").
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for all £ > N, and all z € R™. (Compare (69).)
Lemma 5.5 is unchanged. If §, = O(k=*) for some \ > 0, then

Clg(ékkﬂmin/z)il — O<kn/27'yn+)\> < 1’

for sufficiently large n, provided A < n(y — 1/2). The latter condition also ensures that the
exponent of k in the exponential term in (111) (with § = d;) is positive. This is all that is
required to allow the proof of Theorem 5.6 to go through until near the end, when we use the

fact that ké,i/n — 00 as k — oo. If 6, ~ k=, this still holds since \/n < v —1/2 < 1 and
hence 1 — A/n > 0. In this case the conclusion is the same, namely that, almost surely,

5(DK0>Qk> < 0185;1/n7
for sufficiently large k. O

Concerning Corollary 5.7, if limj_,o €, = 0 and d; ~ k=, we have now the convergence
rate k=", Since A\/n <y —1/2 and v < 1, we can achieve a rate arbitrarily close to k~%/2,
the same as before.

8. PHASE RETRIEVAL FROM THE MODULUS

This section addresses Problem 3 in the introduction. A simple trick converts Problem 3
into one very closely related to Problem 2, considered in the previous section.

Suppose, more generally, that noisy measurements are taken of \/E\, where ¢ is an even
continuous real-valued function on R" with support in [—1,1]". The just-mentioned trick is
to take two independent measurements at each point, multiply the two, and use the resulting
quantities in place of the measurements of g considered earlier. Thus instead of (79) above
we have, for r = 1,2, measurements

(112) 77 = Va(z/k) + X1),

of \/3, for z € {0} UZ}(+), where Z(+) satisfies (78) and where the Xz(f,z’s are independent
N(0,0?) random variables. Then we replace g, in (79) by

(113) G = 0900 = G(2/K) + VGGl (X + X)) + x (X,

Setting g, = JKo 0k and Xy, = X, 1, the same notation and analysis that gave (81), but
now using (80) and (113), leads instead to

(114) M(z) = gr,(x) + Ni(z) — di(z),
where

I
(115) My(z) = 27rk7 Z cos(zjk - )G
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is an estimate of gg, (),
(116)

Il
— 1 d —— 1
Vo) = Gy Do VTRl cos(ze) (X +x)+ ey 2o conleer) XX

o o
]—7119 ]—711c

is a random variable, and the deterministic error di(x) is given as before by (84).
For our analysis it will be convenient to let

I/
— 1 b —
(117) Nu(e) = oy 2o/ Tralein/7) cos(age 2 (x+x)
j=-1I

and

(118) Niso(z) =

so that Ny (z) = Ngi(x) + No(2).

To keep the exposition brief, we shall not give a formal presentation of our algorithms,
called Algorithm NoisyModLSQ, Algorithm NoisyModBlaschke, and Algorithm
NoisyModDiff(y), since they are very similar to Algorithm NoisyMod?LSQ, Algorithm
NoisyMod?Blaschke, and Algorithm NoisyMod?Diff(¢), respectively. In each case the input
is as before, except that instead of (92), (99), and (108), we now have measurements

(119) 9% = [Tro (za)| + X,

for r = 1, 2, of the modulus of the Fourier transform of the characteristic function of K, where
the Xl.(;)’s are independent normal N(0,¢?) random variables. The task is the same in each
case. For the actions, we first let g,, = ggi)ggi) and then follow the actions of the appropriate
algorithms in the previous section, replacing g by g. Thus in the action of each algorithm, we

replace My, () by M (x) defined by (115), for the appropriate z.

Theorem 8.1. Theorem 7.1 holds when Algorithm NoisyMod?LSQ is replaced by Algorithm
NoisyModLS(Q).

Proof. In the action of Algorithm NoisyModLSQ, the measurements used in Algorithm Noisy-
CovLSQ are now My (zy), i = —1,..., 1}, where My(x;) is given by (115) with = x.
Thus we have

Mk(xzk) = gk, (Tar) + Nk<xzk) — di(wir),

i = —1I,..., I, where Ny(zx) and dy(z;,) are given by (116) and (84), respectively, with
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We claim that Lemma 7.2 holds when Ny () is replaced by Ny (z). To see this, use the
triangle inequality to obtain

p p 1/2
I o= — I & —
1. Z Ni(zyg)™ < I Z Ni(xi)
z:—I,’C z:—[,/C
1 I 1/2 1 I 1/2
< I > Nialzu) + I > Nialzu) :

where N (z) and Nyo(xy,) are given by (117) and (118), respectively, with 2 = z;;. Since
Jx, is bounded, the same analysis as in the proof of Lemma 7.2, up to a constant, applies to
the first of the two sums in the previous expression. So it suffices to prove that, almost surely,

as k — 0o. As in the proof of Lemma 7.2, it is enough to show that, almost surely,

I/
1 - 1) 1(2) 1(1) 1(2)
rkoyE D o X X Xo X0 =0,
p,q=1

as k — oo. This follows from Lemma 6.3 and proves the claim.
With this in hand, we can conclude exactly as in the proof of Theorem 7.1 that Algorithm
NoisyCovLSQ works with the new measurements under the same hypotheses. O

We remark that the computation of E(Z;) in Lemma 6.3 shows why we take two inde-

pendent measurements of \/gx, and multiply, rather than taking a single measurement and
squaring it. In the latter case we would be led to

7 E(YZ) S n—2nvy4v
B(Z4) = Gy 2 ok = 0L 71,
p,q=

which may be unbounded as k — oc.

Theorem 8.2. Theorem 7.3 holds when Algorithm NoisyMod? Blaschke is replaced by Algo-
rithm NoisyModBlaschke.

Proof. We now have
Yir = Gik + T,
where (j is as in (105) and

(120) T — Nyi(0) — Ni(hypu) B Ni1(0) — N (hiw) N Nio(0) — Nya(hyus)

R, R, D, ’
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fori=1,...,k, where Nj; and Ny, are given by (117) and (118). The proof of Theorem 7.3
can be followed, except that for Lemma 4.3, one now shows that, almost surely,

as k — oo. Using the fact that the earlier analysis applies to N1, and using also the triangle
inequality, as we did in the proof of Theorem 8.1, with (120), we see that it suffices to examine

Il
1 : 1) (@) (1) 1 (2)
k) D X X X X,
p,q=1

where apq is given by (107). Then Lemma 6.3 shows that it is possible to choose v and ¢
exactly as in Theorem 7.3 to ensure that Lemma 4.3 holds. No further changes are required, so
Algorithm NoisyCovBlaschke works with the new measurements under the same hypotheses
as in Theorem 7.3. U

Theorem 8.3. Theorem 7.4 holds when Algorithm NoisyMod? Diff(p) is replaced by Algorithm
NoisyModDiff(p).

Proof. Note that by (116), we have E(N(x;)) = 0 for all i and k. Therefore the same
calculations as in the proof of Theorem 7.4 show that the second statement in Lemma 5.3 still
holds.

In Lemma 5.4, it is enough in view of the proof of Theorem 7.4 to consider the contribution
to Ri(x) from Nys(x;k), namely,

I I

Z 1 . o
(2nk)n Z a(i, k, ) cos(zj - Tir) XJ( )X](.k).
j=

7/ s/
k i==1Ij

This is a weighted sum of independent random variables, though these variables are no longer
normal. The mean is clearly zero, and the variance is

2
. I I

o) = gy 2 | 2 ik coste )

j=—1I} \i=—I

This allows the same estimate as before, up to a constant. No further changes are required,
so Algorithm NoisyCovDiff(¢) works with the new measurements under the same hypotheses
as in Theorem 7.4. O

The previous result provides a convergence rate for Algorithm NoisyCovDiff(y) arbitrarily
close to k~/2, as was noted for Algorithm NoisyMod 2Diff() after Theorem 7.4.
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